Math 227 11-20-1993

Review Session for Test 3.

1. A thin rod 1 parsec long satisfies the heat equation u_t = 4u_{xx}, 0 < x < 1, t > 0. The initial temperature distribution is

u(x, 0) = 12x + 2, 0 < x < 1.

The ends of the row are held at constant temperatures of 6^∘ and 16^∘, respectively. Assume that the rod only loses or gains heat through its ends.

Determine the temperature distribution u(x, t).

The steady-state solution is v(x) = 10x + 6. The solution is u(x, t) = w(x, t) + v(x), where w(x, t) is the transient distribution and v(x) is the steady-state solution. The transient solution is given by the series w(x, t) = ∞∑ n=1 b_n exp ( − π^2a^2n^2t L^2 ) sin ( πnx L ) ,

b_n is the n-th Fourier sine coefficient of w(x, 0) = u(x, 0) − v(x). Now w(x, 0) = (12x + 2) − (10x + 6) = 2x − 4.

Hence,

b_n = 2 1 ∫_1 0 (2x − 4) sin(πnx) dx = 2 [ − 1 πn (2x − 4) cos(πnx) + 2 π^2n^2 sin(πnx) ]_1 0 = − 4 πn (2 − cos πn) .

So the transient solution is w(x, t) = − ∞∑ n=1 4 πn (2 − cos πn) exp ( −4π^2n^2t ) sin (πnx) . The solution to the heat equation is u(x, t) = 10x + 6 + w(x, t). 2. Solve the heat equation u_t = 16u_{xx}, 0 < x < 2, t > 0 u_x(0, t) = u_x(2, t) = 0, t > 0 u(x, 0) = |x − 1|, 0 ≤ x < 2 The solution has the form u(x, ) = a_0 2 + ∞∑ n=1 a_n exp ( − π^2a^2n^2t L^2 ) cos πnx L .

The a_n’s are obtained from the Fourier cosine series for u(x, 0).

The constants are L = 2 and α^2 = 16.

a_0 = 2 2 ∫_2 0 |x − 1| dx = 1. Next,

a_n = 2 2 ∫_2 0 u(x, 0) cos πnx 2 dx = ∫_1 0 (1 − x) cos πnx 2 dx + ∫_2 1 (x − 1) cos πnx 2 dx. The same integration by parts can be used for both integrals. d dx ∫ dx + x − 1 cos πnx 2 ↘ − 1 2 πn sin πnx 2 ↘ + 0 − 4 π^2n^2 cos πnx 2 So a_n is [ 2 πn (1 − x) sin πnx 2 − 4 π^2n^2 cos πnx 2 ]_1 0 + [ 2 πn (x − 1) sin πnx 2 + 4 π^2n^2 cos πnx 2 ]_2 1 = 4 π^2n^2 ( 1 − cos πn 2 ) . The solution is u(x, t) = 1 2 + ∞∑ n=1 4 π^2n^2 ( 1 − cos πn 2 ) exp(−4π^2n^2t) cos πnx 2 .

Note that as t → ∞, u → 1 2 . 3. Solve the wave equation u_{tt} = 4u_{xx}, 0 < x < 2, t > 0 u(0, t) = u(2, t) = 0, t > 0 u(x, 0) = { −x if 0 ≤ x < 1 x − 2 if 1 ≤ x ≤ 2 u_t(x, 0) = 1, 0 < x < 2

The solution is u(x, t) = ∞∑ n=1 sin πnx L ( b_n cos πnat L + k_n sin πnat L ) . b_n is the n-th Fourier sine coefficient of u(x, 0) and πna L k_n is the n-th Fourier sine coefficient of u_t(x, 0).

In our problem, a = 2 and L = 2.

First,

b_n = 2 2 (∫_1 0 (−x) sin πnx 2 dx + ∫_2 1 (x − 2) sin πnx 2 dx ) = [ 2 πn x cos πnx 2 − 4 π^2n^2 sin πnx 2 ]_1 0 + [ − 2 πn (x − 2) cos πnx 2 + 4 π^2n^2 sin πnx 2 ]_2 1 = − 8 π^2n^2 sin πn 2 .

Next, πn · 2 2 k_n = 2 2 ∫_2 0 (1) sin πnx 2 dx = [ − 2 30ψ2n cos πnx 2 ]_2 0 = 2 πn (1 − cos πn).

Therefore, k_n = 2 π^2n^2

(1 − cos πn).

The solution is u(x, t) = ∞∑ n=1 sin πnx 2 ( − 8 π^2n^2 sin πn 2 cos(πnt) + 2 π^2n^2

(1 − cos πn) sin(πnt) ) .

4. Use separation of variables to find a formal solution to the wave equation u_{tt} = a^2u_{xx}, 0 < x < L, t > 0 u(0, t) = 0, u_x(L, t) = 0, t > 0 u(x, 0) = f(x), u_t(x, 0) = 0, 0 < x < L Assume that |u(x, t) ≤ M for some constant M for all x and t (i.e. that u remains bounded).

Try u(x, t) = p(x)q(t). Then p(x)q^{′′}(t) = a^2p^{′′}(x)q(t), q^{′′}(t) q(t) = a^2 p^{′′}(x) p(x) . The left side depends only on t, while the right side depends only on x, so both sides are constant: q^{′′}(t) q(t) = a^2 p^{′′}(x) p(x) = −λ^2.

(If the constant is positive (λ^2), then q^{′′}(t) q(t) = λ^2 gives q(t) = c_1e^{λt} + c_2e^{−λt}. As t → ∞, c_1e^{λt} → ∞,

which contradicts boundedness. Hence, c_1 = 0, and q(t) = c_2e^{−λt}. Then f(x) = u(x, 0) = p(x)·c_2e^0 = c_2p(x), while 0 = u_t(x, 0) = p(x)·(−λ)c_2e^0 = −λc_2p(x). This implies 0 = −λf(x), so either λ = 0 (and u is constant) or f(x) is 0 — the string starts from rest with no displacement, so it just sits there! I’ll rule out these silly cases by taking −λ^2 rather than λ^2.) q^{′′}(t) q(t) = −λ^2 gives q(t) = c_1 cos λt + c_2 sin λt.

a^2 p^{′′}(x) p(x) = −λ^2 gives

p(x) = d_1 cos λ a x + d_2 sin λ a x. Now plug in the initial conditions.

0 = u(0, t) = p(0)q(t) = d_1q(t), d_1 = 0.

Thus, p(x) = d_2 sin λ a x. Next, differentiate u(x, t) = p(x)q(t) to find u_x:

u_x = − λ a · d_2 cos λ a x · q(t).

Hence, 0 = u_x(L, t) = − λ a · d_2 cos λL a . Then λL a must be an odd multiple of π: λL a = (2n − 1)π, λ = π(2n − 1)a L , n = 1, 2, 3, . . .. So p(x) = d_2 sin π(2n − 1)x L while q(t) = c_1 π(2n − 1)at L + c_2 sin π(2n − 1)at L . Differentiate to find u_t: u_t = p(x) · π(2n − 1)a L ( −c_1 sin π(2n − 1)at L + c_2 cos π(2n − 1)at L ) . The string starts out from rest (u_t(x, 0) = 0): u_t(x, 0) = p(x) · π(2n − 1)a L · c_2, c_2 = 0.

Thus, p(x) = d_2 sin π(2n − 1)x L and q(t) = c_1 cos π(2n − 1)at L . The fundamental solutions are u(x, t) = C sin π(2n − 1)x L cos π(2n − 1)at L . You can get the general solution by superposition (summing from n = 1 to ∞.) It is a separate issue (and one I won’t consider) to determine how the coefficients in the series are computed. Briefly put, one must extend the initial displacement function outside the interval 0 to L in a certain way, then expand the extended function — like the odd extension for a Fourier sine series, but a little different.

© 1993 by Bruce Ikenaga 4